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1 Introduction
One of the greatest puzzles of modern theoretical physics is that two highly successful
physical theories, namely quantum mechanics and general relativity persistently refuse to
reconcile with each other, meaning that we still have to wait for a satisfactory theory of
quantum gravity. A complementary approach towards quantum gravity is to construct
eﬀective theories as an intermediate step between general relativity and a full theory of
quantum gravity, and study its physical applications. These results can then be used to
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unravel some aspects of quantum gravity, particularly those that emerge in the low energy
limit and relate them to observable physical phenomena.
Among many approaches in this direction we chose the approach of noncommutative
(NC) gravity and ﬁeld theory based on deformations of symmetry [1–8]. The main idea
behind this formalism is to replace the classical symmetries of general relativity (i.e. dif-
feomorphisms) with a twist deformed Hopf algebra of diﬀeomorphisms. In a similar way
the symmetry of the ﬁeld theory, which is the Poincaré symmetry, is replaced by its twist
deformed version. Both symmetry deformations can be interpreted as quantum symmetries
and the mathematical framework for their study is the theory of quantum groups and Hopf
algebras [9–14].
One of the most extensively studied Hopf algebras in the context of physics is the κ-
Poincaré algebra [1–3, 15, 16] where κ denotes the mass-like deformation parameter usually
associated with the Planck mass. Following the above idea, application of Einstein’s theory
of gravity together with the uncertainty principle of quantum mechanics leads to a class of
models with spacetime noncommutativity implying that the smooth spacetime geometry of
classical general relativity has to be replaced with a noncommutative geometry at distances
of the order of the Planck scale [17, 18].
There are many examples of such geometries including the Groenewald-Moyal plane, κ-
Minkowski space and Snyder space. As a consequence of diﬀerent approaches to quantum
gravity, various phenomenological models have emerged. The most interesting are the
Lorentz invariance violation (LIV) and Doubly special relativity (DSR) models [19–22].
Unlike the LIV models where there exists a preferred reference frame that is singled out,
thus manifestly violating the Lorentz invariance, in DSR models the postulates of relativity
may be reformulated in such a way as to keep the relativity principle (i.e. equivalence of
all inertial observers) intact, while simultaneously allowing the speed of light to depend on
its wavelength. One way to do this is through the introduction of yet another invariant
parameter (besides that of the speed of light) and by modifying the dispersion relation.
That the possible existence of signals indicating quantum gravity eﬀects is not merely
an academic issue neither a matter of speculation has become evident in astrophysical
observations of certain ultra-high energy cosmic rays which seemingly contradict the usual
understanding of the high-energy physical processes. These processes include electron-
positron production in collisions of high energy photons [23, 24] as well as the observed
data from gamma ray bursts [25, 26] which indicates occurrence of time delay between two
photons having diﬀerent energies. It turns out that deviations of this kind can be explained
within the DSR framework [27–29] by modifying the special relativistic dispersion relation
with additional terms linear or proportional to some power of the Planck length.
Among quantum symmetries the κ-Poincaré symmetry is one of the most extensively
studied together with the κ-deformed Minkowski space emerging out of it through the cross
product algebra construction [3]. The reason for this is two-fold. First, the quantum ﬁeld
theory with κ-Poincaré symmetry springs out in a certain limit of quantum gravity coupled
to matter ﬁelds after integrating out the gravitational/topological degrees of freedom [30–
34]. This amounts to having an eﬀective theory in the form of a noncommutative ﬁeld
theory on the κ-deformed Minkowski space. The second reason is that the DSR models
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are mostly studied within the framework of the κ-Poincaré algebra, where the κ-deformed
Minkowski spacetime provides the arena for studying the particle kinematics.
An important question arising from the noncommutative nature of spacetime at the
Planck scale is how does this noncommutativity aﬀect the very basic notions of physics
such as particle statistics, particularly the spin-statistics relation and how these changes
can be implemented into a quantum ﬁeld theory formalism. One of the approaches to
the above question uses the framework of quantum groups [9–14], i.e. Hopf algebras and
particularly the notion of its quasi-triangular bialgebra structure (i.e. universal R-matrix).
This structure is important since it is closely related to the corresponding modiﬁed algebra
of creation and annihilation operators which deﬁnes statistics. One could expect that the
κ-deformed oscillator algebra will lead to violation of the Pauli principle, thus indicating
the need for reformulating the spin-statistics theorem in the presence of noncommutative
geometry [35–38].
In formulating ﬁeld theories on NC spaces, diﬀerential calculus plays an essential role.
The requirement that this diﬀerential calculus is bicovariant [39] and also covariant under
the expected group of symmetries leads to some problems. Regarding the problem of
diﬀerential calculus on κ-Minkowski space, Sitarz has shown [40] that in order to obtain
bicovariant diﬀerential calculus, which is also Lorentz covariant, one has to introduce an
extra cotangent direction (calculus has one dimension more than the classical case) for the
time-like deformations. While Sitarz considered 3 + 1 dimensional space (and developed
ﬁve dimensional diﬀerential calculus), Gonera et al. generalized this work to n dimensions
in [41]. In [42] it was discussed that by gauging this extra one-form, one can introduce
gravity in the model, and in [43] this framework is adapted to formulate ﬁeld theories.
Besides that, the physical interpretation of this extra one-form with no classical analogue
remains unclear and one is further motivated to construct a NC diﬀerential calculus of
classical dimension.
Another attempt to deal with this issue was made in [44] by the Abelian twist defor-
mation of U [igl(4,R)]. Bu et al. in [45] extended the Poincaré algebra with the dilatation
operator and constructed a four dimensional diﬀerential algebra on the κ-Minkowski space
using a Jordanian twist of the Weyl algebra. Diﬀerential algebras of classical dimensions
were also constructed in [46] and [47], from the action of a deformed exterior derivative.
There is a construction [48, 49] of a uniﬁed graded diﬀerential algebra generated by NC
coordinates xˆµ, Lorentz generators Mµν and anticommuting NC one-forms ξˆµ. Enlarging
this algebra by introducing a new generator related to the exterior derivative, the authors
have found a new unique algebra that satisﬁes all super-Jacobi identities. This new graded
diﬀerential algebra is universal, i.e. it is valid for all type of deformations aµ (time-like,
space-like and light-like). When aµ = (a0, 0), the obtained algebra corresponds to the
diﬀerential algebra in [40] if the extra form φ is related to the exterior derivative operator
dˆ. Diﬀerent realizations of this diﬀerential algebra in terms of the super-Heisenberg algebra
SH have been presented, and it has been shown that the volume form vol is undeformed.
For light-like deformations a2 = 0 the 4D bicovariant calculus (compatible with [50–52])
was derived, along with the corresponding Hopf algebra structure (which is the κ-Poincaré-
Hopf algebra), and the corresponding twist operator. In [48, 49] it has been also shown
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that this twist in a2 = 0 case can be written in a new covariant way and can be expressed
in terms of Poincaré generators only.
We will study the classiﬁcation of all possible bicovariant diﬀerential calculi of classical
dimension (the number of one-forms ξˆ ∈ Ωˆ1 is equal to the number of coordinates xˆµ)
on deformed Minkowski spacetime Aˆ. More precisely, we propose to investigate algebraic
structures underlying diﬀerential geometry on the κ-Minkowski space. As mentioned earlier,
diﬀerential calculus on this type of space has been studied by several authors [40, 43, 46, 47,
53]. One way of constructing diﬀerential calculus is through the diﬀerential graded algebra
approach [54, 55] or bicovariant diﬀerential calculus on Hopf algebras [56]. Bicovariance
condition states that one-forms ξˆµ are simultaneously left and right covariant [39, 40]. We
will see that the suﬃcient condition for bicovarince is given by
[ξˆµ, xˆν ] = iKµν
αξˆα, Kµν
α ∈ R, (1.1)
that is, that this commutator is closed in one-forms (and the diﬀerential calculus is of
classical dimension). Extension of the ﬁrst-order calculus to the entire diﬀerential algebra
is not unique which results in diﬀerent nonequivalent constructions depending on the type of
covariance conditions imposed. In this paper we will give all possible bicovariant diﬀerential
calculi (1.1) that are compatible with κ-Minkowski algebra and investigate their symmetries.
It turns out that there are four types of bicovariant diﬀerential calculi that we denote by C1,
C2, C3 and C4. The ﬁrst three are a one parameter family of algebras and are in general igl(n)
covariant, while the fourth, that is C4, is valid only for light-like deformations (a2 = 0) and
is Lorentz and κ-Poincaré covariant. Related new class of new Drinfeld twists is proposed.
The C4 algebra is the only bicovariant diﬀerential calculus that is Lorentz covariant. For
this case we present a Drinfeld twist and the whole κ-Poincaré-Hopf algebra.
The paper is organized as follows. In the second section, the bicovariant calculus of
classical dimension that is compatible with κ-Minkowski is analyzed. We present all pos-
sible covariant solutions by imposing super-Jacobi identities and the consistency condition
for time-like, space-like and light-like deformations. In section 3, we give a realization of dif-
ferential algebras obtained in the previous section by embedding into the super-Heisenberg
algebra SH. In section 4, an algebraic formulation of diﬀerential geometry is presented
and the formalism for the NC version of the diﬀerential calculus is adopted. NC forms are
introduced and all (anti-)commutation rules between forms and coordinates are obtained.
In section 5, we propose a class of new Drinfeld twists. In section 6, the super-Hopf algebra
structure is presented, which enables the investigation of the symmetries of obtained diﬀer-
ential algebras. In section 7, ﬁeld theories in the NC setting are analyzed. Using the setting
established in section 4, the undeformed ﬁeld theory is analyzed, and after obtaining the
Hodge-∗ operation and integration map, the NC version of free ﬁeld theories is discussed.
We conclude that there is a change in the dispersion relations and ﬁnal remarks are given
in section 8.
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2 κ-Minkowski spacetime and the classification of differential calculi
2.1 κ-Minkowski space
κ-Minkowski spacetime [1–3] is usually deﬁned by
[xˆi, xˆj ] = 0, [xˆ0, xˆi] = ia0xˆi, (2.1)
where a0 ∝ 1κ is the deformation parameter usually related to some quantum gravity
scale or Planck length [60, 61]. Eq. (2.1) represents the time-like deformations of the
usual Minkowski space. We can also look at more general Lie algebraic deformations of
Minkowski space
[xˆµ, xˆν ] = iCµν
λxˆλ, (2.2)
where xˆµ = (xˆ0, xˆi) and structure constants Cµνλ satisfy
Cµα
βCνλ
α + Cνα
βCλµ
α + Cλα
βCµλ
α = 0, (2.3)
Cµν
λ = −Cνµλ. (2.4)
For Cµνλ = aµδλν − aνδλµ we get
[xˆµ, xˆν ] = i(aµxˆν − aν xˆµ). (2.5)
For aµ = (a0,~0) we get back to eq. (2.1) as a special case. Generally, aµ ∈ Mn (Minkowski
space Mn), aµ = 1κuµ (where u
2 = −1 for time-like deformations, u2 = 0 for light-like
deformations and u2 = 1 for space-like deformations). In this paper we will be working
in arbitrary dimensions and Minkowski signature ηµν = diag(−1, 1, . . . , 1) (i.e. the spatial
eigenvalues of the metric are positive).
2.2 Differential calculus of classical dimension
We want to construct the most general algebra of diﬀerential one-forms ξˆµ ≡ dˆxˆµ ∈ Ωˆ1
compatible with κ-Minkowski spacetime that is bicovariant, i.e. closed in diﬀerential forms
(the diﬀerential calculus is of classical dimension). We deﬁne{
ξˆµ, ξˆν
}
= 0, [ξˆµ, xˆν ] = iKµν
αξˆα, (2.6)
where Kµνα ∈ R is a tensor with respect to the Lorentz algebra and generally it is expressed
in terms of aµ and ηµν for n > 2.1 After imposing super-Jacobi identities the only condition
we have for Kµνα comes from
[
xˆµ, [xˆν , ξˆρ]
]
+
[
xˆν , [ξˆρ, xˆµ]
]
+
[
ξˆρ, [xˆµ, xˆν ]
]
= 0 and it gives
Kλµ
αKαν
ρ −KλναKαµρ = CµνβKλβρ. (2.7)
Other super-Jacobi identities are trivially satisﬁed by using (2.2) and (2.6). Eq. (2.7) is valid
for general Lie algebraic deformations of spacetime (2.2). We also introduce the exterior
derivative dˆ ≡ [ηˆ, ·] in a natural way
dˆxˆµ = [ηˆ, xˆµ] = ξˆµ, ηˆ
2 = 0, ηˆ ∈ ˆSH. (2.8)
1For n = 2, Kµν
α is expressed in terms of aµ, ηµν and ǫµν .
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When we apply dˆ = [ηˆ, ·] on (2.2) we get
[ξˆµ, xˆν ]− [ξˆν , xˆµ] = iCµνλξˆλ −→ Kµνα −Kνµα = Cµνα. (2.9)
We call eq. (2.9) the consistency condition.
In order to completely classify diﬀerential algebras compatible with κ-Minkowski space
we have to solve (2.7) and (2.9) for Kλµα. We demand that Kµνα ∈ R, that in the limit
aµ → 0 the problem reduces to commutative case i.e. limaµ→0Kµνα = 0 and that the tensor
Kµν
α has the dimension of length. Therefore, it follows that the most general ansatz (for
n > 2) is given only in terms of ηµν and aµ via
Kµνα = A0aµaνaα +A1ηµνaα +A2ηµαaν +A3ηναaµ, (2.10)
where A1, A2, A3 ∈ R are dimensionless parameters and A0 is of dimension (lenght)−2,
hence A0 = ca2 , c ∈ R for a2 6= 0 and A0 = 0 for a2 = 0. After we impose (2.9) we get
A3 = 1 +A2. (2.11)
Equation (2.7) gives
A3(a
2A0 +A3 − 1) = 0, (2.12)
A1(a
2A0 +A1 + 1) = 0, (2.13)
A1A3a
2 = 0. (2.14)
We have four diﬀerent solutions2
1. A1 = 0, A2 = −1, A3 = 0, a2A0 = c
2. A1 = 0, A2 = −c, A3 = 1− c, a2A0 = c
3. A1 = −1− c, A2 = −1, A3 = 0, a2A0 = c
4. A1 = −1, A2 = 0, A3 = 1, a2 = A0 = 0
where c ∈ R is a free parameter. We will denote these four algebras by C1, C2, C3 and
C4 respectively.3 It is important to note that the ﬁrst three solutions C1,2,3 are valid for
all a2 ∈ R. There are two cases: when a2 = 0 then A0 = c = 0, and when a2 6= 0 then
A0 = c/a
2. The fourth solution C4 is only valid in the light-like case a2 = 0. Explicitly for
2For n = 2, there are other covariant solutions, for example Kµνα =
aµaν
a2
(c1aα + c2ǫαβa
β) − ηαµaν ,
where c1, c2 ∈ R are parameters and a
2 6= 0.
3Where C stands for covariant.
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the tensor Kµνα we have
C1 : Kµνα =


c
a2
aµaνaα − ηµαaν , if a2 6= 0
−ηµαaν , if a2 = 0.
C2 : Kµνα =


c
a2
aµaνaα − cηµαaν + (1− c)ηναaµ, if a2 6= 0
ηναaµ, if a2 = 0.
C3 : Kµνα =


c
a2
aµaνaα − (1 + c)ηµνaα − ηµαaν , if a2 6= 0
−ηµνaα − ηµαaν , if a2 = 0,
C4 : Kµνα = −ηµνaα + ηναaµ, only for a2 = 0.
(2.15)
Inserting (2.15) into (2.6) we have
C1 : [ξˆµ, xˆν ] =

i
c
a2
aµaν(aξˆ)− iaν ξˆµ, if a2 6= 0
−iaν ξˆµ, if a2 = 0
C2 : [ξˆµ, xˆν ] =

i
c
a2
aµaν(aξˆ)− icaν ξˆµ + i(1− c)aµξˆν , if a2 6= 0
iaµξˆν , if a2 = 0
C3 : [ξˆµ, xˆν ] =

i
c
a2
aµaν(aξˆ)− i(1 + c)ηµν(aξˆ)− iaν ξˆµ, if a2 6= 0
−iηµν(aξˆ)− iaν ξˆµ, if a2 = 0
C4 : [ξˆµ, xˆν ] = −iηµν(aξˆ) + iaµξˆν , a2 = 0
(2.16)
where we used aξˆ ≡ aαξˆα.
There are also some special cases when c = 0 and A0 = 0 in (2.15). We denote these
three special cases by4 S1, S2 and S3
S1 : [ξˆµ, xˆν ] = −iaν ξˆµ, a2 ∈ R
S2 : [ξˆµ, xˆν ] = iaµξˆν , a2 ∈ R
S3 : [ξˆµ, xˆν ] = −iηµν(aξˆ)− iaν ξˆµ, a2 ∈ R
(2.17)
In section 6 we will relate the algebra S1 to right covariant realization, the algebra S2 to
left covariant realization, the algebra S3 to Magueijo-Smolin realization and C4 to natural
realization (see [65–69] for more details on realizations). It is important to note that the
algebra C4 is valid only for light-like deformations a2 = 0 and is equivalent to the algebra
obtained in [48, 49].
Solutions C1, C2, C3 are new and each of them corresponds to time-like, light-like and
space-like deformation parameter aµ. For time-like deformation aµ = (a0, 0, 0, . . .), diﬀeren-
tial algebras D1, D2 were constructed in [53], while D3 obtained from C3 is a new solution.
For c = 1 we see that algebras Dc=11 and Dc=12 coincide. This case was in detail investigated
in [62]. In [63] (see Corollary 5.1.) the cases Dc=01 and Dc=02 were obtained from a diﬀerent
4Where S stands for special.
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construction. For light-like deformation a2 = 0, we have also found three new solutions (see
eq. (2.16) for a2 = 0). The important properties related to twisted super Hopf algebras are
presented in section 6.
Remark. The solution C4 holds only for light-like deformation a2 = 0. This solution
was constructed ﬁrst in [48, 49]. In [48, 49], we have constructed universal κ-Poincaré
covariant diﬀerential calculus over κ-Minkowski space. This universal algebra has been
generated by
{
xˆµ, Mµν , ηˆ, ξˆµ
}
(where Mµν are Lorentz generators) for time-like, light-
like and space-like deformation parameter aµ. If a2 6= 0, bicovariant calculus implies that,
besides one-forms ξˆµ, there is an additional one-form proportional to ηˆ. Only in case of
light-like deformation a2 = 0, the one-forms have classical dimension, i.e. the additional
one-form does not appear. However, in present paper we start with κ-Minkowski space,
bicovariance and demand classical dimension for one-forms. Among all the solutions for
light-like deformation (a2 = 0), only solution C4 coincides with light-like case constructed
in [48, 49]. It follows that solution C4 is compatible with κ-Poincare Hopf algebra, which is
demonstrated in sections 5.1 and 6.3.
3 Embedding into the super-Heisenberg algebra
3.1 Realizations via super-Heisenberg algebra
We can enlarge the κ-Minkowski and diﬀerential algebra by introducing derivatives ∂µ (we
could also use the physical momenta pµ = −i∂µ) and Grassmann derivative qµ with the
following properties
[∂µ, ∂ν ] = {qµ, qν} = [∂µ, qν ] = 0 (3.1)
Then the most general algebra between NC coordinates, forms and derivatives that satisﬁes
super-Jacobi identities is given by
[∂µ, xˆν ] = ϕµν(∂), [∂µ, ξˆν ] = 0,
[qµ, xˆν ] = q
βϕ˜µβν(∂),
{
qµ, ξˆν
}
= υµν(∂)
(3.2)
where ϕµν and υµν are invertible matrices satisfying following diﬀerential equations
∂ϕσµ
∂(∂α)
ϕαν − ∂ϕ
σ
ν
∂(∂α)
ϕαµ = iCµν
αϕσα
∂ϕ˜αβµ
∂(∂ρ)
ϕρν − ∂ϕ˜
αβ
ν
∂(∂ρ)
ϕρµ + ϕ˜
α
ρµϕ˜
ρβ
ν − ϕ˜ρβµϕ˜αρν = iCµνλϕ˜αβλ
∂υρµ
∂(∂σ)
ϕσν − ϕ˜ρσνυσµ = iKµναυρα
(3.3)
where for aµ → 0 we have the undeformed super-Heisenberg algebra, that is ϕµν = ηµν ,
ϕ˜αβγ = 0, υµν = ηµν and Kαβγ = 0. The above eqs. (3.3) are complicated and have
inﬁnitely many solutions, but we can analyze some special cases. If we take that ϕ˜µνρ = 0
then the third equation yields ∂υ
ρ
µ
∂(∂σ)ϕ
σ
ν = iK
α
µν υ
ρ
α, which for ﬁxed ϕ and K determines
the unique deformation of diﬀerential forms, i.e. υµν 6= ηµν . On the other hand, if we take
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that the algebra of diﬀerential forms is undeformed
{
qµ, ξˆν
}
= ηµν , that is υµν = ηµν then
we have a unique solution for ϕ˜ρµν = −iK ρµν . In both cases the function ϕ is determined
only by the ﬁrst relation in eq. (3.3) and the general solutions are analyzed in [72].
The exterior derivative dˆ introduced in (2.8) can be written as
dˆ = [ηˆ, ·], (3.4)
where the generator ηˆ ∈ ˆSH is given by
ηˆ = ξˆα∂
α. (3.5)
The deﬁnition of exterior derivative (2.8) and (3.4) ﬁxes the realization ϕµν(∂) and we have
ϕρµ = δ
ρ
µ − iKαµρ∂α. (3.6)
Since Kµνα is determined by (2.15), we see that for ﬁxed algebra of diﬀerential forms and
NC coordinates we have a unique linear realization for xˆµ given by (3.6).
We can embed the whole algebra (2.1), (2.6), (3.1), (3.2) into the super-Heisenberg
algebra deﬁned by
[xµ, xν ] = [∂µ, ∂ν ] = 0, [∂µ, xν ] = ηµν ,
{ξµ, ξν} = {qµ, qν} = 0, {ξµ, qν} = ηµν ,
[xµ, ξν ] = [xµ, qν ] = [∂µ, ξν ] = [∂µ, qν ] = 0,
(3.7)
and ﬁnd the realizations for all NC generators in terms of the generators of super-Heisenberg
algebra via
xˆµ = xαϕ
α
µ + ξαϕ˜
αβ
µqβ , ξˆµ = ξαυ
α
µ. (3.8)
It is straightforward to verify equations (3.2)–(3.8) with given realization (3.8). In [58, 59]
we have analyzed the realization of NC coordinates by embedding the whole algebra into the
Heisenberg algebra and there we have outlined the relations between diﬀerent realizations
(that is all the bases of Heisenberg algebra) by similarity transformations. Similarly, we
can relate two realizations {x′, ∂′, ξ′, q′} and {x, ∂, ξ, q} of super-Heisenberg algebra
x′µ = ExµE−1 = xαψαµ(∂) + ξαψ˜αβµ(∂)qβ
∂′µ = E∂µE−1 = Λµ(∂)
ξ′µ = EξµE−1 = ξαωαµ(∂)
q′µ = EqµE−1 = qαω˜µα(∂).
(3.9)
Hence, if we have one solution of (3.3) we can generate another solution via similarity
transformations E .
3.2 Class of differential calculi with undeformed exterior derivative and 1-
forms
In the special case when υµν = ηµν we have ϕ˜
ρ
µν = −iK ρµν which leads to
xˆµ = xµ − iKαµρ(xρ∂α + ξρqα) = xµ − iKαµρLρα, ξˆµ = ξµ, ηˆ = ξα∂α, (3.10)
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where Lµν generates the gl(n) algebra (see section 5 for further discussion). Note that,
because x†µ = xµ, ∂
†
µ = −∂µ, q†µ = qµ, ξ†µ = ξµ and [∂µ, xν ] = {ξµ, qν} = ηµν , it follows that
Lµν is antihermitian, so the realization (3.6) is hermitian.
We have only four classes of covariant realizations for NC coordinates xˆµ
C1 : xˆµ = xµ − i


c
a2
aµ[(ax)(a∂)+(aξ)(aq)]+aµ[(x∂)+(ξq)], a
2 6= 0
aµ[(x∂)+(ξq)], a
2 = 0
C2 : xˆµ = xµ − i


c
a2
aµ[(ax)(a∂)+(aξ)(aq)]+caµ[(x∂)+(ξq)]− (1− c)[xµ(a∂)+ξµ(aq)], a2 6= 0
[−xµ(a∂)− ξµ(aq)], a2 = 0
C3 : xˆµ = xµ − i


c
a2
aµ[(ax)(a∂)+(aξ)(aq)]+(1+c)[(ax)∂µ+(aξ)qµ]+aµ[(x∂)+(ξq)], a
2 6= 0
[(ax)∂µ+(aξ)qµ]+aµ[(x∂)+(ξq)], a
2 = 0
C4 : xˆµ = xµ+i[(ax)∂µ+(aξ)]qµ − i[xµ(a∂)+ξµ(aq)] = xµ+iaαMαµ, a2 = 0,
(3.11)
where Mµν = Lµν − Lνµ are Lorentz generators (see section 5). It is important to note
that (3.11) are all possible covariant linear realizations of (2.2). Namely, if we take (3.10)
as an ansatz and just insert it in (2.1) or (2.2), we would get that the tensor Kµνα has to
satisfy (2.7) and (2.9) (without refering to diﬀerential forms ξˆ or exterior derivative dˆ) [81].
In other words only for linear realizations of κ-Minkowski space, one can have undeformed
diﬀerential forms ξˆµ = ξµ.
3.3 Action of SˆH on SˆA
Let us mention the κ-deformed super-Heisenberg algebra ˆSH which is generated by NC
coordinates xˆµ, one forms ξˆµ, derivatives ∂µ and Grassmann derivatives qµ, and SˆA ⊂
ˆSH which is a unital subalgebra generated by NC coordinates xˆµ and one-forms ξˆµ. We
can deﬁne the action (for more details see [58, 59, 62, 64]) ◮ ˆSH ⊗ SˆA 7→ SˆA, where,
symbolically, ˆSH = SˆAST , and ST is a unital subalgebra of Hˆ generated by ∂µ and qµ:
xˆµ ◮ gˆ(xˆ, ξˆ) = xˆµgˆ(xˆ, ξˆ), ∂µ ◮ 1 = 0,
ξˆµ ◮ gˆ(xˆ, ξˆ) = ξˆµgˆ(xˆ, ξˆ), qµ ◮ 1 = 0,
∂µ ◮ xˆν = ηµν , qµ ◮ ξˆν = ηµν ,
∂µ ◮ ξˆν = 0, qµ ◮ xˆν = 0 .
(3.12)
4 NC differential calculi over κ-Minkowski space
In section 2 we have found all possible diﬀerential algebras of classical dimension that are
compatible with κ-Minkowski space. Our goal is to develop a diﬀerential calculus, that is,
to deﬁne the exterior derivative and higher order forms. First we will outline the usual
undeformed diﬀerential calculus over undeformed Minkowski space, but using our algebraic
approach. Then the NC analog is developed.
Let us ﬁrst analyze the usual undeformed diﬀerential calculus in the more algebraic
language. In the usual, undeformed diﬀerential geometry we would have a unital Abelian
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algebra A generated by xµ and algebra Ωp ⊂ SA, p ∈ {0, 1, . . . , n}, generated by p-forms
ω = ωα1...αpξ
α1 . . . ξαp , where ωα1...αp ∈ A and Ω0 ≡ A. Then the exterior derivative is a
map d : Ωp → Ωp+1 that satisﬁes the Leibniz rule
d(fg) = (df)g + f(dg), (4.1)
where f, g ∈ A and is simply realized by d ≡ [η, ·] and η ≡ ξα∂α. Of course, since [xµ, ξν ] = 0
we have that one forms are given by
df = ξα(∂α ⊲ f) = (∂α ⊲ f)ξ
α, (4.2)
where ∂α ⊲ f =
∂f
∂xα
. Usually one forgets about ⊲ and simply writes df = ∂f
∂xα
dxα.
Now we analyze the noncommutative case. Let Aˆ be a unital algebra generated by xˆµ
and Ωˆp ⊂ SˆA an algebra generated by NC p-forms ωˆ = ωˆα1...αp ξˆα1 . . . ξˆαp , where ωˆα1...αp ∈
Aˆ and Ωˆ0 ≡ Aˆ. The exterior derivative dˆ is a map dˆ : Ωˆp → Ωˆp+1 that satisﬁes the
Leibniz rule
dˆ(fˆ gˆ) = (dˆfˆ)gˆ + fˆ(dˆgˆ), (4.3)
where fˆ , gˆ ∈ Aˆ. Eq. (4.3) is easily fulﬁlled by choosing dˆ ≡ [ηˆ, ·] and ηˆ ≡ ξˆα∂α as mentioned
in the previous sections (see (2.8), (3.4)). The commutation relations between diﬀerential
forms ξˆµ and an arbitrary element of Aˆ can be written as
ξˆµfˆ = (Λµα ◮ fˆ)ξˆ
α, fˆ ξˆµ = ξˆ
α(Λ−1µα ◮ fˆ), (4.4)
where Λµν is expressed in terms of derivatives ∂µ and Λ−1µν ≡ (Λ−1)µν denotes the inverse
matrix, i.e. Λ−1µαΛ
α
ν = ηµν . Since dˆfˆ = [ηˆ, fˆ ] ∈ Ωˆ1 ⊂ SˆA it follows
dˆfˆ = [ηˆ, fˆ ] ◮ 1 = ηˆfˆ ◮ 1 = ηˆ ◮ fˆ = ξˆα(∂α ◮ fˆ). (4.5)
That is we have
dˆfˆ = ξˆα(∂α ◮ fˆ) = (∂βΛ
β
α ◮ fˆ)ξˆ
α. (4.6)
Furthermore, eq. (4.6) and Leibniz rule (4.3) imply
dˆ(fˆ gˆ)
(4.3)≡ (dˆfˆ)gˆ + fˆ(dˆgˆ) (4.6)≡ ξˆα∂α ◮ (fˆ gˆ)
(4.6)
= ξˆα(∂α ◮ fˆ)gˆ + fˆ ξˆ
α(∂α ◮ gˆ)
(4.4)
= ξˆα[(∂α ◮ fˆ)gˆ + (Λ
−1
βα ◮ fˆ)(∂
β
◮ gˆ)]
(4.7)
and by comparing the ﬁrst and last line in (4.7) we get the Leibniz rule for ∂α
∂α ◮ (fˆ gˆ) = (∂α ◮ fˆ)gˆ + (Λ
−1
βα ◮ fˆ)(∂
β
◮ gˆ). (4.8)
The Leibniz rule and coproduct are related via ∂α ◮ (fˆ gˆ) = m[∆∂α ◮ (fˆ ⊗ gˆ)], where
m(a⊗ b) = ab, so that the coproduct for ∂µ is given by
∆∂µ = ∂µ ⊗ 1 + Λ−1αµ ⊗ ∂α, (4.9)
– 11 –
J
H
E
P
0
7
(
2
0
1
5
)
0
5
5
and since ∂µ generates a Hopf algebra of translations it follows that its antipode and
counit are
S(∂µ) = −∂αΛαµ, ǫ(∂µ) = 0. (4.10)
The associativity of the product between forms and elements of Aˆ gives
ξˆµ(fˆ gˆ) = (ξˆµfˆ)gˆ
(4.4)
=⇒ [Λµα ◮ (fˆ gˆ)]ξˆα = (Λµα ◮ fˆ)ξˆαgˆ
(4.4)⇐=
(4.4)
= (Λµα ◮ fˆ)(Λ
α
β ◮ gˆ)ξˆ
β .
(4.11)
We can read out the Leibniz rule for Λµα as
Λµα ◮ (fˆ gˆ) = (Λµβ ◮ fˆ)(Λ
β
α ◮ gˆ), (4.12)
and extract the following coproduct
∆Λµν = Λµα ⊗ Λαν . (4.13)
Additionally we have
S(Λµν) = Λ
−1
µν , ǫ(Λµν) = ηµν . (4.14)
It is important to note that the constructed diﬀerential calculus is bicovariant, meaning
that all products of higher forms are again diﬀerential forms regardless of the way they are
multiplied. To illustrate this more closely let us consider two diﬀerent forms: ωˆ ∈ Ωˆq and
θˆ ∈ Ωˆp. Written in basis we have
ωˆ = ωˆµ1...µq ξˆ
µ1 . . . ξˆµq = ξˆµ1 . . . ξˆµq ˆ˜ωµ1...µq ,
θˆ = θˆµ1...µp ξˆ
µ1 . . . ξˆµp = ξˆµ1 . . . ξˆµp
ˆ˜
θµ1...µp ,
(4.15)
where ωˆµ1...µq , ˆ˜ωµ1...µq , θˆµ1...µp and
ˆ˜
θµ1...µp ∈ Aˆ. There is a relation between ωˆµ1...µq and
ˆ˜ωµ1...µq via (4.4) (same for θˆµ1...µp and
ˆ˜
θµ1...µp ). Of course if we multiply ωˆ with θˆ it is easy
to see that ωˆθˆ 6= θˆωˆ, but because of bicovarince we have
ωˆθˆ = αˆµ1...µq+p ξˆ
µ1 . . . ξˆµq+p = ξˆµ1 . . . ξˆµq+p ˆ˜αµ1...µq+p ∈ Ωˆq+p
θˆωˆ = βˆµ1...µq+p ξˆ
µ1 . . . ξˆµq+p = ξˆµ1 . . . ξˆµq+p
ˆ˜
βµ1...µq+p ∈ Ωˆq+p
(4.16)
where αˆµ1...µq+p , ˆ˜αµ1...µq+p , βˆµ1...µq+p and
ˆ˜
βµ1...µq+p ∈ Aˆ and they are interrelated with
ωˆµ1...µq and θˆµ1...µp by using (4.4). Bicovariance leads to condition (2.6) which enables us
to ﬁnd (4.4) and deﬁne all the higher forms in a consistent way (as illustrated above).
In formulating diﬀerential calculus it is important to know all the commutation rules
for (and between) the elements of Aˆ and Ωˆp. The commutation rule between one form ξˆµ
and an arbitrary element of Aˆ is determined by Λµν (4.4). The commutation rule between
NC coordinate xˆµ and an arbitrary element of Aˆ is determined by Oµν (see appendix A)
xˆµfˆ = (Oµα ◮ fˆ)xˆ
α, fˆ xˆµ = xˆ
α([O−1]µα ◮ fˆ). (4.17)
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We point out that
Oµν =
(
eC
)
µν
, Cµν = iCµαν(∂
W )α, (4.18)
and similarly Λµν is given by5
Λµν =
(
eK
)
µν
, Kµν = iKµαν(∂
W )α, (4.19)
where ∂W is the derivative corresponding to the Weyl ordering [65] (see also appendix A
and B):
[∂Wµ , xˆν ] = ηµν
ia∂W
eia∂W − 1 +
iaν∂
W
µ
ia∂W
(
1− ia∂
W
eia∂W − 1
)
, (4.20)
where we used a∂W ≡ aα∂Wα . We also have
[Λµα, xˆν ] = iKµν
βΛβα, (4.21)
[Oµα, xˆν ] = iCµν
βOβα. (4.22)
In κ-Minkowski space it is useful to introduce the shift operator Z, deﬁned by
[Z, xˆµ] = iaµZ, [Z, ∂µ] = 0,
[Z, ξˆµ] = 0, [Z, qµ] = 0,
(4.23)
where
Z = eia∂
W
. (4.24)
The expression for Oµν is:
Oµν = ηµνZ
−1 + iaµ∂
W
ν
1− Z−1
lnZ
. (4.25)
Explicit expressions for Λµν (and its inverse), ∂Wµ and Z for S1, S2, S3 and C4 are:
• S1:
Λµν = ηµνZ
−1, [Λ−1]µν = ηµνZ, (4.26)
∂Wµ = ∂
R
µ
lnZ
Z − 1 , Z = e
ia∂W = 1 + ia∂R (4.27)
• S2:
Λµν = ηµν + iaµ∂
W
ν
Z − 1
lnZ
= ηµν + iaµ∂
L
ν Z, [Λ
−1]µν = ηµν − iaµ∂Lα , (4.28)
∂Wµ = ∂
L
µ
lnZ
1− Z−1 , Z =
1
1− ia∂L (4.29)
5For a different derivation of Λµν using realization and coproduct see [81].
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• S3:
Λµν =
(
ηµν − iaν∂Wµ
1− Z−1
lnZ
)
Z−1, [Λ−1]µν = ηµνZ + iaν∂
W
µ
Z(Z − 1)
lnZ
(4.30)
∂Wµ =
(
∂MSµ − iaµ
Z −
√
Z2 − a2(∂MS)2
a2
)
lnZ
Z − 1 , Z =
√
(1 + ia∂MS)2 + a2(∂MS)2
(4.31)
• C4 (a2 != 0):
Λµν = ηµν + iaµ∂
W
ν
Z − 1
lnZ
+ iaν∂
W
µ
Z−1 − 1
lnZ
+
aµaν
2
(∂W )2
(
Z1/2 − Z−1/2
lnZ
)2
= ηµν − iaνDµ + iaµ
(
Dν − i
2
aνD
2
)
Z
[Λ−1]µν = ηµν − iaµDν + iaν
(
Dµ − i
2
aµD
2
)
Z
(4.32)
∂Wµ =
(
Dµ − iaµ
2
D2
)
lnZ
1− Z−1 , Z =
1
1− iaD (4.33)
where ∂Rµ , ∂
L
µ , ∂
MS
µ and Dµ correspond to S1, S2, S3 and C4 respectively (for the derivation
see appendix B).
The commutation rule between NC coordinate xˆµ and an arbitrary element χˆ =
ξˆi1 . . . ξˆip , p ≤ n is
[χˆ, xˆµ] = ξˆ
β (iKαµβq
α
◮ χˆ) . (4.34)
From xˆµ = xµ − iKαµρ(xρ∂α + ξρqα) = xµ − iKαµρLρα, where Lρα generates the gl(n)
algebra (see eq. (74a) in section 6), it follows
[qµ, xˆν ] = −iqβKβνµ (4.35)
and we ﬁnd
qµfˆ = (qµ ◮ fˆ) + (Λ
−1
αµ ◮ fˆ)q
α (4.36)
from which we get the Leibniz rule for qµ and extract the following coproduct
∆qµ = qµ ⊗ 1 + (−)N1 [Λ−1]αµ ⊗ qα, (4.37)
where [N1, xˆµ] = [N1, ∂µ] = 0, [N1, ξˆµ] = ξˆµ and [N1, qµ] = −qµ. Note that ∂µ, qµ, ηˆ and
N1 generate a super-Hopf algebra. From the undeformed Leibniz rule for ηˆ it follows that
∆ηˆ is undeformed, i.e. ∆ηˆ = ∆0ηˆ = ηˆ ⊗ 1 + (−)N1 ⊗ ηˆ and ∆N1 = N1 ⊗ 1 + 1 ⊗ N1 (see
section 6).
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5 Related class of Drinfeld twists
Here we present Drinfeld twists leading to equations (3.10) and (3.11) which generate super
Hopf algebra structure (sections 4 and 6). These twists can be obtained using a method
that has been developed for constructing a Drinfeld twist from linear realizations (3.10) [81]
F = exp
(
Kβα ⊗ Lαβ
)
(5.1)
where Lµν generate gl(n) algebra, see equations (6.3) and Kµν = iKµαν(∂W )α, see equa-
tion (4.19). They lead to the super-Hopf algebra structures deﬁned by ∆Pµ, ∆Qµ, ∆Lµν ,
where the coproduct, antipode and counit are:
∆g = F∆0gF−1,
S(g) = χ S0(g) χ
−1, χ = m [(1⊗ S0)F ] ,
ǫ(g) = 0,
(5.2)
where ∆0g = g ⊗ 1 + 1 ⊗ g is the undeformed coproduct for Pµ and Lµν , ∆0Qµ = Qµ ⊗
1+ (−)N1 ⊗Qµ and S0(g) = −g is the undeformed antipode for Pµ and Lµν and S0(Qµ) =
−(−)N1Qµ = Qµ(−)N1 . Drinfeld twists (5.1) are new and lead to deformed super Hopf
algebra in section 6.
For C1, C2, C3 and C4, twists are:
FC1 = exp
{(
ηαβ − c
aαaβ
a2
)
lnZ ⊗ Lαβ
}
= exp
{
lnZ ⊗
(
D − caαaβ
a2
Lαβ
)}
, (5.3)
FC2 = exp
{[
c
(
ηαβ −
aαaβ
a2
)
lnZ + iaβ∂
W
α
]
⊗ Lαβ
}
, (5.4)
FC3 = exp
{[(
ηαβ − c
aαaβ
a2
)
lnZ + (1 + c)iaα∂
W
β
]
⊗ Lαβ
}
, (5.5)
FC4 = exp
{(
iaα∂
W
β − iaβ∂Wα
)⊗ Lαβ} = exp{iaα∂Wβ ⊗Mαβ} (5.6)
where Mµν = Lµν − Lνµ. Note that in [62] the extended twist was used to obtain the
diﬀerential algebra Dc=11 = Dc=12 .
Starting from the twist operator, the realization can be obtained using
xˆµ = m
[F−1(⊲⊗ 1)(xµ ⊗ 1)] = xµ − iKβµαLαβ (5.7)
Using twists (5.3), (5.4), (5.5) and (5.6) yields realizations C1, C2, C3 and C4 respectively,
which satisfy κ-Minkowski algebra.
5.1 Twist leading to κ-Poincaré Hopf algebra
Here we point out that only the case C4 is κ-Poincaré covariant and that the corresponding
twist operator can be written in a covariant form [48, 49]
FC4 = exp
{
aαP β
ln(1 + a · P )
a · P ⊗Mαβ
}
, a2 = 0, (5.8)
which is expressed in terms of Poincaré generators only and satisﬁes the cocycle condition.
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We point out that the twist in eq. (5.8) is a unique covariant Drinfeld twist, expressed
in terms of Poincaré generators, compatible with κ-Minkowski space (2.5) and κ-Poincaré
(super) Hopf algebra:
∆Pµ = ∆0Pµ +
[
Pµa
α − aµ
(
Pα +
1
2
aαP 2
)
Z
]
⊗ Pα
∆Qµ = ∆0Qµ + (−)N1
[
Pµa
α − aµ
(
Pα +
1
2
aαP 2
)
Z
]
⊗Qα
∆Mµν = ∆0Mµν + (δ
α
µaν − δαν aµ)
(
P β +
1
2
aβP 2
)
Z ⊗Mαβ
S(Pµ) =
[
−Pµ − aµ
(
Pα +
1
2
aαP
2
)
Pα
]
Z
S(Qµ) = (−)N1
[
−Qµ − aµ
(
Pα +
1
2
aαP
2
)
Qα
]
Z
S(Mµν) = −Mµν + (−aµδβν + aνδβµ)
(
Pα +
1
2
aαP 2
)
Mαβ
(5.9)
and the algebra is given by
[Mµν ,Mλρ] = −i(ηνλMµρ − ηµλMνρ − ηνρMµλ + ηµρMνλ)
[Mµν , Pλ] = ηνλPµ − ηµλPν
[Mµν , Qλ] = ηνλQµ − ηµλQν
[Pµ, Qν ] = [Pµ, Pν ] = {Qµ, Qν} = 0.
(5.10)
6 Super-algebra L and deformed super-Hopf algebras
The diﬀerential calculi that we developed so far is bicovariant. Bicovariance condition
states that oneforms ξˆµ are simultaneously left and right covariant [39, 40]. The suﬃcient
condition for bicovariance is given by
[ξˆµ, xˆν ] = iKµν
αξˆα, (6.1)
that is that the commutator (6.1) is closed in one-forms (and the diﬀerential calculus is
of classical dimension). Of course conditions (2.7) and (2.9) naturally hold. Covariance
of diﬀerential calculus under a certain symmetry algebra G ⊂ ˆSH generated by gi ∈ G is
deﬁned in the following way
gi ◮ (xˆµξˆν)=m
(
∆gi(◮ ⊗ ◮)(xˆµ ⊗ ξˆν)
)
, and gi ◮ (ξˆν xˆµ)=m
(
∆gi(◮ ⊗ ◮)(ξˆν ⊗ xˆµ)
)
.
(6.2)
The question that remains is what are the symmetries of our diﬀerential calculi. To
answer this question we will consider an algebra L which is generated by Lµν , ∂µ, qµ, η, N0
and N1 and has a super-Hopf algebra structure.
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6.1 Undeformed super-Hopf algebra structure of L
The super-algebra L is generated by gl(n) generators Lµν , translations ∂µ and qµ, generators
η, N0 and N1 satisfying
[Lµν , Lαβ ] = ηναLµβ − ηµβLαν , (6.3a)
[Lµν , ∂ρ] = −ηµρ∂ν , [Lµν , qρ] = −ηµρqν , [Lµν , η] = 0, (6.3b)
[∂µ, ∂ν ] = {qµ, qν} = [∂µ, qν ] = 0, (6.3c)
η2 = 0, {η, qµ} = ∂µ, [η, ∂µ] = 0, (6.3d)
[N0, Lµν ] = [N1, Lµν ] = [N0, N1] = 0, (6.3e)
[N0, ∂µ] = −∂µ, [N0, qµ] = [N1, ∂µ] = 0, (6.3f)
[N1, qµ] = −qµ, [N0, η] = −η, [N1, η] = η. (6.3g)
There exists an undeformed super-Hopf algebra structure deﬁned by the coalgebra structure
∆0g = g ⊗ 1 + 1⊗ g, (6.4)
where g ∈ {Lµν , ∂µ, N0, N1}, with grade |g| = 0 and coproducts for qµ and η are given by
∆0qµ = qµ ⊗ 1 + (−)N1 ⊗ qµ, (6.5)
∆0η = η ⊗ 1 + (−)N1 ⊗ η, (6.6)
with grade |q| = 1 and |η| = 1.
The antipode S0 is deﬁned by
S0(g) = −g (6.7)
for g ∈ {Lµν , ∂µ, N0, N1} and
S0(qµ) = −(−)N1qµ = qµ(−)N1 , S0(η) = −(−)N1η = η(−)N1 . (6.8)
The counit ǫ0 is deﬁned by
ǫ0(g) = 0, (6.9)
for all generators, and ǫ0(1) = 1.
6.2 Deformed super-Hopf algebra structure of L
Using Drinfeld twists from section 5 we construct deformed super-Hopf algebras which are
deﬁned by the coalgebra structure ∆
∆Lµν = Lµν ⊗ 1 +
(
Λ−1βγ
∂Λγα
∂(∂µ)
∂ν + Λ
−1
βνΛµα
)
⊗ Lαβ , (6.10)
∆∂µ = ∂µ ⊗ 1 + Λ−1αµ ⊗ ∂α, (6.11)
∆qµ = qµ ⊗ 1 + (−)N1Λ−1αµ ⊗ qα, (6.12)
∆η = η ⊗ 1 + (−)N1 ⊗ η, (6.13)
∆N0 = ∆0N0 + Λ
−1
βγ
∂Λγα
∂(∂µ)
∂µ ⊗ Lαβ (6.14)
∆N1 = N1 ⊗ 1 + 1⊗N1 = ∆0N1 (6.15)
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where Λµν = (eK)µν and Kµν = iKµαν(∂W )α. Antipode S for all generators is obtained
by using S(∂Wµ ) = −∂Wµ , S(Kµν) = −Kµν , S(Λµν) = Λ−1µν , S(Λ−1µν ) = Λµν , and S(∂µ) =
−∂αΛαµ. The counit ǫ is unchanged, i.e. ǫ = ǫ0. This deﬁnes the deformed super-Hopf
algebra structure of L.
Since L ⊂ ˆSH for the action ◮ (see (3.12)) we have
Lµν ◮ xˆλ = ηνλxˆµ, Lµν ◮ ξˆλ = ηνλξˆµ, η ◮ xˆµ = ξˆµ, η ◮ ξˆµ = 0,
N0 ◮ xˆµ = xˆµ, N0 ◮ ξˆµ = 0, N1 ◮ xˆµ = 0, N1 ◮ ξˆµ = ξˆµ,
∂µ ◮ xˆν = ηµν , ∂µ ◮ ξˆν = 0, qµ ◮ xˆν = 0, qµ ◮ ξˆν = ηµν
(6.16)
and g ◮ 1 = 0, ∀g ∈ L.
In order to calculate the action of the generators of L on an arbitrary element of SˆA,
we use commutation relations [Lµν , xˆλ] = ηνλ(xˆµ+ iKβµαLαβ)− iKβλνLµβ+ iKµλαLαν and
[Lµν , ξˆλ] = ηλν ξˆµ, which are obtained using Lµν = xµ∂ν + ξµqν , xˆµ = xµ − iKβµαLαβ and
ξˆµ = ξµ.
The covariance property under the super-Hopf algebra L holds:
g ◮ (fˆ gˆ) = m
(
∆g(fˆ ⊗ gˆ)
)
, g ∈ L, fˆ , gˆ ∈ SˆA (6.17)
For example, one can easily check
Lµν ◮ (ξˆαxˆβ) = ηναξˆµxˆβ + ηνβ ξˆαxˆµ = m
(
∆Lµν ◮ (ξˆα ⊗ xˆβ)
)
, (6.18)
Lµν ◮ (xˆβ ξˆα) = ηνα
(
xˆβ ξˆµ + iKµβ
γ ξˆγ
)
+ ηνβ
(
xˆµξˆα + iKαµ
γ ξˆγ
)
− iKαβν ξˆµ
= m
(
∆Lµν ◮ (xˆβ ⊗ ξˆα)
)
, (6.19)
and
Lµν ◮ [ξˆα, xˆβ ] = iKαβ
γ ξˆγ = m
(
∆Lµν ◮ (ξˆα ⊗ xˆβ − xˆβ ⊗ ξˆα)
)
. (6.20)
The deformed super-Hopf algebra acting on xˆµ ⊗ 1 and ξˆµ ⊗ 1, i.e. using gfˆ =
m
(
∆g(◮ ⊗1)(fˆ ⊗ 1)
)
, ∀g ∈ L and fˆ ∈ SˆA, leads to
[Lρσ, xˆν ] = ησν xˆρ + iησνKµραL
αµ − iKµνσL µρ + iKρναLασ (6.21)
[Lµν , ξˆλ] = ηνλξˆµ, (6.22)
[∂µ, xˆν ] = ηµν − iKβνµ∂β , [∂µ, ξˆν ] = 0, (6.23)
[qµ, xˆν ] = −iKβνµqβ ,
{
qµ, ξˆν
}
= ηµν , (6.24)
[η, xˆµ] = ξˆµ,
{
η, ξˆµ
}
= 0, (6.25)
which also leads to
[xˆµ, xˆν ] = aµxˆν − aν xˆµ, (6.26){
ξˆµ, ξˆν
}
= 0, [ξˆµ, xˆν ] = iK
α
µν ξˆα. (6.27)
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The realization for xˆµ, ξˆµ, Lµν , N0, N1 and η in terms of the super-Heisenberg algebra
SH follows from (6.21)–(6.27) and is given by
xˆµ = xµ − iKβµαLαβ , (6.28a)
ξˆµ = ξµ, (6.28b)
Lµν = xµ∂ν + ξµqν , (6.28c)
N0 = xα∂
α, (6.28d)
N1 = ξαq
α, (6.28e)
η = ξα∂
α. (6.28f)
This proves the consistency of our approach.
We point out that generators lµ = xˆµ − xµ = −iKβµαLαβ close κ-Minkowski algebra
(when aµ → 0 then lµ → 0). Since lµ ∈ L and ∆0lµ = lµ ⊗ 1 + 1 ⊗ lµ, we can apply twist
F from equation (5.1)
∆lµ = F∆0lµF−1. (6.29)
From general structure of twist F = exp (Kβα ⊗ Lαβ) = exp (−∂Wα ⊗ lα) it is clear that
∆lµ is closed in lα and ∂α. This is the main feature of all solutions in the present paper.
6.3 Symmetries of differential algebras S1, S2, S3 and C4
Our diﬀerential algebras (obtained in section 5) are covariant under certain κ-deformation
of the igl(n) algebra, but in the special case of S1 we have Poincaré -Weyl, and in the case
of C4 κ- Poincaré covariance.
For S1 deﬁned by Kµνα = −ηµαaν we get xˆµ = xµ + iaµD and we have
[Lρσ, xˆν ] = ησν xˆρ − iησνaρD, (6.30)
where D ≡ Lαα = N0 + N1. If we deﬁne the Lorentz(SO(1, n − 1)) generators by Mµν =
Lµν − Lνµ we have
[Mρσ, xˆν ] = ησν xˆρ − ηρν xˆσ − i(ησνaρ − ηρνaσ)D, [D, xˆλ] = xˆλ − iaλD. (6.31)
Note that eq. (6.31) includes the dilatation operator D. This implies the Poincaré -Weyl
algebra, which is the underlying symmetry of the diﬀerential algebra S1 and is compatible
with [44, 45].
For S2 deﬁned by Kµνα = ηναaµ we get xˆµ = xµ − iaαLµα and we have
[Lρσ, xˆν ] = ησν xˆρ + iaρLνσ, (6.32)
which illustrates that the underlying symmetry of the diﬀerential algebra S2 is described
by the κ-deformed igl(n)-algebra and is compatible with [70, 71].
For S3 deﬁned by Kµνα = −ηµνaα−ηµαaν we get xˆµ = xµ+iaαLαµ+iaµD and we have
[Lρσ, xˆν ] = ησν xˆρ − iησνaαLαρ + iaσLρν − iηρνaαLασ − iησνaρD, (6.33)
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which illustrates that the underlying symmetry of the diﬀerential algebra S3 is described by
the κ-deformed igl(n)-algebra and is compatible with the Magueijo-Smolin realization [64].
For C4 deﬁned by Kµνα = −ηµνaα + ηναaµ, a2 = 0, we get xˆµ = xµ − iaα(Lµα −Lαµ)
and we have
[Lρσ, xˆν ] = ησν xˆρ − iησνaαLαρ + iaσLρν − iηρνaαLασ + iaρLνσ. (6.34)
If we deﬁne the Lorentz(SO(1, n − 1)) generators by Mµν = Lµν − Lνµ, we get xˆµ =
xµ − iaαMµα (where [Pµ, Xν ] = −iηµν , [Xµ, Xν ] = [Pµ, Pν ] = 0 and Xµ and Pµ transform
vectorlike under Mµν) and we have
[Mρσ, xˆν ] = ησν xˆρ − ηρν xˆσ + iaσMρν − iaρMνσ. (6.35)
Note that eq. (6.35) is expressed in terms of Lorentz generators Mµν . This implies the
κ- Poincaré algebra, which is the underlying symmetry of the diﬀerential algebra C4. It
is important to emphasize that the diﬀerential algebra C4 is the only algebra of classical
dimension compatible with the κ-Poincaré -Hopf algebra (5.9) (see also subsection 5.1.).
We note that this section can be generalized to the super-Hopf algebroid structure.
7 Field theory
The study of ﬁeld theory over κ-Minkowski space is relevant for physics, since it may provide
an interface between quantum gravity, NC geometry and their physical manifestations.
Until today there is fairly large literature on κ-deformed ﬁeld theory [43, 67, 68, 73–77],
but all of these theories are very special, since they can be related to a speciﬁc realization or
they are using the diﬀerential calculus with one extra form. Our goal is to give a framework
for constructing ﬁeld theory with diﬀerential calculus of classical dimension. In order to do
this we need to introduce higher-degree forms, the Hodge-∗ operation and an integral to
deﬁne an action for the ﬁelds.
In the usual undeformed diﬀerential geometry the higher-degree forms are deﬁned via
wedge product ∧, but since one-forms in our approach generate a Grassmann algebra we
have ω = ωα1...αpdx
α1 ∧ . . . ∧ dxαp ≡ ωα1...αpξα1 . . . ξαp ∈ Ωp. The Hodge-∗ operation is
deﬁned as a mapping ∗ : Ωp → Ωn−p via
α ∧ β∗ = α∗ ∧ β ≡ α (β)∗ = (α)∗ β = αµ1...µkβµ1...µk vol, (7.1)
where α,β ∈ Ωk and vol = dx0∧ . . .∧dxn−1 ≡ ξ0 . . . ξn−1 is the volume form. The integral
is deﬁned as a linear map ∫
: Ωn → C (7.2)
and it is closed in the sense that
∫
dω = 0, ∀ω ∈ Ωn.
7.1 NC field theory
So far we have established the connection between the usual methods of diﬀerential geometry
and our algebraic approach. Now, we want to investigate the NC generalization and apply
it to construction of NC ﬁeld theories.
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The higher degree forms in NC case are deﬁned via
ωˆ = ωˆα1...αp ξˆ
α1 . . . ξˆαp ∈ Ωˆp. (7.3)
The Hodge-∗ˆ operation is deﬁned as a mapping ∗ˆ : Ωˆp → Ωˆn−p by
αˆ (βˆ)∗ˆ = (αˆ)∗ˆ βˆ ≡ αˆµ1...µk βˆµ1...µk vˆol, (7.4)
where αˆ, βˆ ∈ Ωˆk and vˆol = ξ0 . . . ξn−1 is the volume form. For n = 4 we have
(1)∗ˆ = vˆol = ξˆ0ξˆ1ξˆ2ξˆ3 =
1
4!
ǫµνρσ ξˆ
µξˆν ξˆρξˆσ,
(ξˆµ)∗ˆ =
1
3!
ǫµ α1α2α3 ξˆ
α1 ξˆα2 ξˆα3 ,
(ξˆµξˆν)∗ˆ =
1
2!
ǫµν α1α2 ξˆ
α1 ξˆα2 ,
(ξˆµξˆν ξˆρ)∗ˆ = ǫµνραξˆ
α,
(ξˆµξˆν ξˆρξˆσ)∗ˆ = ǫµνρσ.
(7.5)
The integral is deﬁned as a linear map∫
: Ωˆn → C. (7.6)
where the integral is closed in the sense that∫
dˆωˆ = 0, ∀ωˆ ∈ Ωˆn. (7.7)
It is easy to see that for n = 4 we have∫
dˆωˆ =
∫
ξˆµ(∂µ ◮ ωˆα1α2α3α4)ξˆ
α1 ξˆα2 ξˆα3 ξˆα4 =
∫
(∂σΛ
σ
µ ◮ ωˆα1α2α3α4)ξˆ
µξˆα1 ξˆα2 ξˆα3 ξˆα4 = 0.
(7.8)
At this level, the integral symbol deﬁned by (7.6) and (7.7) is just a formal notation.
However, in the C4-case the integral is invariant under the action of κ-Poincaré algebra, so
that the integral introduced here is the standard Lebesque integral applied to the functions
which give a realization of the κ-Poincaré algebra through the ⋆-product [43, 78, 79].
Now, we are ready to write an action Sˆ for a real NC scalar ﬁeld φˆ ∈ Aˆ. We have
Sˆ =
∫
dˆφˆ (dˆφˆ)∗ˆ +m2φˆ (φˆ)∗ˆ. (7.9)
Since dˆφˆ = (∂βΛ
β
α ◮ φˆ)ξˆα and using (7.4) we have
dˆφˆ (dˆφˆ)∗ˆ = (∂βΛ
β
α ◮ φˆ)(∂ρΛ
ρα
◮ φˆ)vˆol
φˆ (φˆ)∗ˆ = φˆφˆvˆol,
(7.10)
so
Sˆ =
∫ (
(∂βΛ
β
α ◮ φˆ)(∂ρΛ
ρα
◮ φˆ) +m2φˆφˆ
)
vˆol. (7.11)
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To ﬁnd the equation of motion we impose δSˆ = 0, that is
δSˆ =
∫
dˆδφˆ (dˆφˆ)∗ˆ + dˆφˆ (dˆδφˆ)∗ˆ +m2δφˆ (φˆ)∗ˆ +m2φˆ (δφˆ)∗ˆ
=
∫
−δφˆ [dˆ(dˆφˆ)∗ˆ] + (dˆφˆ)∗ˆ (dˆδφˆ) +m2δφˆ (φˆ)∗ˆ +m2(φˆ)∗ˆ δφˆ
=
∫
δφˆ
[
−dˆ(dˆφˆ)∗ˆ +m2(φˆ)∗ˆ
]
+
[
−dˆ(dˆφˆ)∗ˆ +m2(φˆ)∗ˆ
]
δφˆ
(7.12)
which leads to [
dˆ(dˆφˆ)∗ˆ
]∗ˆ
= m2φˆ (7.13)
where we used ∫
dˆ[δφˆ (dˆφˆ)∗] = 0 =
∫
dˆδφˆ (dˆφˆ)∗ˆ +
∫
δφˆ [dˆ(dˆφˆ)∗ˆ],∫
dˆ[dˆφˆ (δφˆ)∗ˆ] = 0 =
∫
dˆ(dˆφˆ)∗ˆ δφˆ+
∫
dˆφˆ (dˆδφˆ)∗ˆ,
((φˆ)∗ˆ)∗ˆ = φˆ.
(7.14)
Eq. (7.13) represents the NC generalization of the Klein-Gordon equation. Let us investigate
the l.h.s. of eq.(7.13). We have
[
dˆ(dˆφˆ)∗ˆ
]∗ˆ
=
[
dˆ
(
(∂βΛ
β
α ◮ φˆ)ξˆ
α
)∗ˆ]∗ˆ
=
[
dˆ
(
(∂βΛ
β
α ◮ φˆ)
1
3!
ǫα ρ1ρ2ρ3 ξˆ
ρ1 ξˆρ2 ξˆρ3
)]∗ˆ
=
[
(∂γΛ
γ
δ∂βΛ
β
α ◮ φˆ)
1
3!
ǫα ρ1ρ2ρ3 ξˆ
δ ξˆρ1 ξˆρ2 ξˆρ3
]∗ˆ
=
[
(∂γΛ
γ
δ∂βΛ
βδ
◮ φˆ)vˆol
]∗ˆ
= ∂γΛ
γ
δ∂βΛ
βδ
◮ φˆ.
(7.15)
So, for the equation of motion we have
∂α∂βΛ
α
σΛ
βσ
◮ φˆ−m2φˆ = 0. (7.16)
7.2 Dispersion relations
We can look at some speciﬁc examples for Λασ and derive the NC dispersion relations. For
example for S1 we have Λµα = ηµαZ−1 so for the NC Klein-Gordon equation we get
S1 : (∂R)2Z−2 ◮ φˆ−m2φˆ = 0, (7.17)
and for S2, where Λµα = ηµα + iaµ∂LαZ we get
S2 : (∂L)2Z2 ◮ φˆ−m2φˆ = 0 (7.18)
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where Z is given in (4.24). We see that the main new NC feature is the modiﬁcation of
dispersion relations
S1 : E2 − ~p2 = (mZ)2, Z = 1− ap
S2 : E2 − ~p2 =
(m
Z
)2
, Z =
1
1 + ap
.
(7.19)
It is interesting to examine C4, where Λµν = ηµν + iaµDν − iaνDµ + 12aµaνD2Z leads to
D2 ◮ φˆ−m2φˆ = 0. (7.20)
We see that in the case of C4 we get D2 =  (a2 = 0), that is the Casimir operator of the
Poincaré algebra. This was expected, since C4 is compatible with the Poincaré algebra, and
only the coalgebraic sector is deformed.
The dispersion relations we obtain here are in general diﬀerent from the ones usually
found in the literature. It is usual to investigate the operator  in diﬀerent realizations.
Operator  is the generalized d’Alembert operator and it commutes with the Lorentz
generators Mµν and translation generators pµ ≡ −i∂µ for any realization of Mµν and pµ,
which means that it is a Casimir operator of the deformed Poincaré algebra and we can
assign to it an invariant mass m in the following way
 = m2. (7.21)
The generalized d’Alembert operator is given by:
 =
2
a2
(
1−
√
1− a2D2
)
. (7.22)
We will use the following notation for the partial derivatives in each realization:
right covariant : ∂µ ≡ ∂Rµ
left covariant : ∂µ ≡ ∂Lµ
Magueijo-Smolin : ∂µ ≡ ∂MSµ
(7.23)
where the superscripts R,L,MS denote the right covariant, left covariant and Magueijo-
Smolin realizations respectively, and Dµ stands for the natural realization or classical basis
(for more details on realizations see [65–69] ). All four realizations are connected via simi-
larity transformations (see section 3 and [58, 59, 65–69]) and they are explicitly connected
in the following way
∂Rµ = ∂
L
µZ,
Dµ = ∂
L
µ +
iaµ
2
,
Dµ = ∂
MS
µ Z
−1,
(7.24)
where D2 = 
(
1− a24 
)
and Z is the shift operator given by
Z = 1 + ia∂R =
1
1− ia∂L =
√
(1 + ia∂MS)2 + a2(∂MS)2 =
1
−iaD +√1− a2D2 . (7.25)
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Using (7.24), (7.25), (7.21) and pµ = −i∂µ we get the following dispersion relations
right covariant : (pR)2 = −m2Z = −m2(1− apR)
left covariant : (pL)2 = −m2Z−1 = −m2(1 + apL)
Magueijo-Smolin : (pMS)2 = −m2eff(1− apMS)2
(7.26)
where m2eff =
m2
(
1+a
2
4
m2
)
1+a2m2
(
1+a
2
4
m2
) . For the time-like deformations of Minkowski space (2.1) we
get
right covariant : E2 − ~p2 = m2(1− a0E)
left covariant : E2 − ~p2 = m2(1 + a0E)
Magueijo-Smolin : E2 − ~p2 = m2eff(1− a0E)2
(7.27)
where we used aµ = (a0,~0) and pµ = (E, ~p), where a0 = 1κ . The diﬀerence between these two
approaches is mainly in the fact that the operator in the NC Klein-Gordon equation (7.13)
is not related to the d’Alambertian invariant under the κ-Poincaré algebra, but rather an
operator invariant under certain κ-deformation of the igl(n) algebra.
8 Final remarks
The framework developed so far will enable us to describe and further investigate the physics
of other ﬁeld theories. For example we can also examine κ-deformed electrodynamics via
Sˆ = −1
4
∫
Fˆ (Fˆ)∗ˆ, (8.1)
where Fˆ = dˆAˆ. The equations of motion are given by δSˆ = 0, that is
dˆ(dˆAˆ)∗ˆ = 0, ⇔ dˆ(Fˆ)∗ˆ = 0. (8.2)
The NC version of Bianchi identity also holds dˆFˆ = dˆ(dˆAˆ) = ηˆ2 ◮ Aˆ = 0.
Similarly, for the NC generalization of the Abelian Chern-Simons theory in n = 3 the
action is given by
Sˆ = k
∫
Aˆ dˆAˆ (8.3)
and the corresponding equation of motion is
dˆAˆ = 0 ⇔ Fˆ = 0. (8.4)
Further investigations of ﬁeld theories in this NC setting will be reported elsewhere.
So far we have analyzed the NC version of the free classical ﬁeld theory. The new
physical contribution is the modiﬁcation of dispersion relations (7.19). The next step would
be to investigate the interacting classical ﬁeld theory, by adding additional terms in the
action, and then analyze the case of quantum ﬁeld theory. In order to do this , we have to
investigate the R-matrix which would modify the quantization procedure, that is we have
to modify the algebra of creation and annihilation operators via
φ(x)⊗ φ(y)−Rφ(y)⊗ φ(x) = 0 (8.5)
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which will modify the usual spin-statistics relations of free bosons at Planck scale. The R-
matrix is deﬁned by the twist operator R = F˜F−1. The issue of star-product quantization
is still under investigation. The idea is that the R-matrix will enable us to deﬁne particle
statistics and to properly quantize ﬁelds, while the twist operator will provide star-product,
which is crucial for writing the action in terms of commutative variables, which will in the
end enable us to derive the Feynman rules and see the NC correction to the propagator
and vertex.
The general plan for future work is to study diﬀerential calculus on κ-Minkowski space
and related concepts (e.g. vector ﬁelds, Lie derivative, exterior derivative, Hodge star-
operator and integration) using two approaches: the twist deformation method [57] and the
method of realizations [46]. Using a Drinfeld twist operator (or a twist in the Hopf algebroid
setting [58, 59]) one can introduce noncommutativity via star-product on the algebra A of
complex-valued functions on the classical Minkowski space. We want to study the induced
deformations of A-modules of vector ﬁelds and one-forms on κ-Minkowski space as well
as deformations of the related morphisms. An alternative approach to deformation of the
diﬀerential algebra is based on realizations of coordinates and one-forms on κ-Minkowski
space as power series in a formal parameter with coeﬃcients in the super-Heisenberg algebra.
In this paper we have not discussed the issue of NC vector ﬁelds. Usually, in NC
geometry [54, 55, 82, 83] vector ﬁelds are replaced with derivations of the NC algebra. We
prefer to deﬁne NC vector ﬁelds via Vˆ = Vˆ µ∂µ, where Vˆ µ ∈ Aˆ and Vˆ satisﬁes a deformed
Leibniz rule because of (4.9). This choice would be the natural generalization of the usual
vector ﬁelds in the commutative case and it is easy to see that this deﬁnition reduces to
the usual deﬁnition of vector ﬁeld on commutative manifold after aµ → 0. The duality
between NC diﬀerential forms and NC vector ﬁelds is of immense importance and is a work
in progress.
The existence of Cartan operations, i.e. exterior derivative, Lie derivative and in-
ner derivative and their mutual commutation relations is under our current investigation.
Namely, the exterior derivative is deﬁned by (3.4), while the inner derivative is related to
the action of the generator qµ. The Lie derivative in our approach was ﬁrst discuss in [62]
(see the text after eq. (11) in [62]).
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A Universal formula for Lie algebras
Let us deﬁne a Lie algebra generated by xˆµ
[xˆµ, xˆν ] = iCµν
λxˆλ. (A.1)
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The Heisenberg algebra is deﬁned by
[xµ, xν ] = [∂µ, ∂ν ] = 0, [∂µ, xν ] = ηµν . (A.2)
One can ﬁnd the realization of the Lie algebra (A.1) in terms the of the completion of the
Heisenberg algebra (A.2) in ﬁrst order in Cµνλ, which is related to the Weyl ordering [65]:
xˆµ = xµ +
i
2
xαCµβα∂
β +O(C2). (A.3)
In [80] is the construction of the universal formula for xˆµ valid in all orders in Cµνα
xˆµ = x
α
(
C
1− e−C
)
µα
(A.4)
where Cµν = iCµαν(∂W )α. This realization corresponds to the Weyl ordering.
We can introduce another Lie algebra generated by yˆµ and satisfying [58, 59]
[yˆµ, yˆν ] = −iCµνλyˆλ. (A.5)
Now, the realization of yˆµ is also given by the universal formula
yˆµ = x
α
(
C
eC − 1
)
µα
. (A.6)
There is an antisomorphism between Lie algebras (A.1) and (A.5) deﬁned by xˆ 7→ yˆ.
In the Heisenberg algebra there exist an identity among the realization of xˆ and yˆ given by
xˆµ = yˆ
αOµα (A.7)
where Oµν is given by
Oµν =
[
eC
]
µν
, (A.8)
and it can be shown that xˆµ and yˆα commute
[xˆµ, yˆ
α] = 0 (A.9)
We restrict ourselves to the special case when
Cµνλ = aµηνλ − aνηµλ. (A.10)
It follows that combining (A.8) and (A.10) we have (we shall omit the label W for the sake
of simplicity)
Oµν =
[
eC
]
µν
= e−iηµνa∂+iaµ∂ν = e−iηµνa∂eiaµ∂ν = ηµαe−ia∂
(
ηαν + ia
α∂ν
1− e−ia∂
ia∂
)
= ηµνZ
−1 + iaµ(∂
L)ν ,
(A.11)
where a∂ ≡ aα∂α and we used Z = eia∂ and (∂L)ν = ∂ν 1−e−ia∂ia∂ .
– 26 –
J
H
E
P
0
7
(
2
0
1
5
)
0
5
5
Note that yˆµ can be interpreted as the right multiplication
yˆµ ◮ fˆ = fˆ xˆµ, ∀fˆ ∈ Aˆ (A.12)
We also have (4.17), (4.22) and
[Oµν , yˆλ] = i(aµηλν − aλOµν), (A.13)
and similarly for [O−1]µν .
B Explicit calculation of Λµν
Here we will explicitly illustrate the above construction for the special cases of covariant
diﬀerential algebras introduced in section 2.
Differential algebra S1: S1 is deﬁned by
Kµνα = −ηµαaν (B.1)
and corresponds to the right covariant ordering. Using (4.19) we have
Λµα = [eρ]µα = ηµαZ−1, (B.2)
where ρµα = −iηµαa∂W . Obviously [Λ−1]µα = ηµαZ, so using (4.9) and (4.37) we get
∆∂Rµ = ∂
R
µ ⊗ 1 + Z ⊗ ∂Rµ , ∆qµ = qµ ⊗ 1 + (−)N1Z ⊗ qµ, (B.3)
where we used Z = eia∂
W
= 1 + ia∂R.
Differential algebra S2: S2 is deﬁned by
Kµνα = ηναaµ (B.4)
and corresponds to the left covariant ordering. Using (4.19) we have
Λµα = [eρ]µα (B.5)
where ρµα = iaµ∂Wα . Note that ρ
n = ρAn−1W , where AW = ia∂
W , so eρ = 1 + ρ e
AW−1
AW
,
that is
Λµα = ηµα + iaµ∂
W
α
eAW − 1
AW
= ηµα + iaµ∂
L
αZ. (B.6)
Since [Λ−1]µα = ηµα − iaµ∂Lα , using (4.9) and (4.37) we get
∆∂Lµ = ∂
L
µ ⊗ Z−1 + 1⊗ ∂Lµ , ∆qµ = ∆0qµ + (−)N1∂Lµ ⊗ (−iaq), (B.7)
where we used Z = eia∂
W
= 1
1−ia∂L
.
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Differential algebra S3: S3 is deﬁned by
Kµνα = −ηµνaα − ηµαaν (B.8)
and corresponds to the Magueijo-Smolin realization. Using (4.19) we have
Λµα = exp(−iηµαa∂W ) = e−iηµαa∂W e−iaα∂Wµ = ηµαZ−1 − iaα∂LµZ−1, (B.9)
where we used Z = eia∂
W
=
√
(1 + ia∂MS)2 + a2(∂MS)2 and ∂MSµ = ∂
L
µZ +
iaµ
2 (∂
L)2Z2.
Since [Λ−1]µα = ηµαZ + iaα∂LµZ
2, using (4.9) and (4.37) we get
∆∂MSµ = ∂
MS
µ ⊗ 1 + Z ⊗ ∂MSµ + iaµZ2(∂L)α ⊗ ∂MSα ,
∆qµ = qµ ⊗ 1 + (−)N1(Z ⊗ qµ + iaµZ2(∂L)α ⊗ qα).
(B.10)
Differential algebra C4: C4 is deﬁned by
Kµνα = −ηµνaα + ηναaµ (B.11)
and corresponds to the natural realization (or classical basis) for a2 = 0. Using (4.19) we
have
Λµν = ηµν + iaµ∂
R
ν − iaνDµ (B.12)
where we used Dµ = ∂Lµ + iaµ(∂
W )2 coshAD−1
A2D
and ∂Lµ = ∂
R
µ Z
−1 = ∂Wµ
1−e−AD
AD
, where
AD = iaD. Since [Λ−1]µν = ηµν − iaµDν + iaν(Dµ− i2aµD2)Z, for the coproducts we have
∆Dµ =
[
−iaαDµ + iaµ
(
Dα − 1
2
iaαD2
)
Z
]
⊗Dα +∆0Dµ. (B.13)
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